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Abstract

We are interested in the study of distributed stochastic gradient descent algorithms and their
implementation on a machine with several processors. We attack the problem from a performance
and computational speed point of view, and we will also impose on our solutions to be reproducible, i.e.
to give the same results if run on the same data set. We will focus mainly on the PR-SGD algorithm
introduced in [1], and we will give some adaptations that improve the execution speed when time
needed to load the data on the computer’s RAM is very long. For each proposed algorithm, we give
a proof of convergence and an estimate of its runtime. Finally, we compare our algorithms using a
notion of e-performance that we define.
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1 Introduction

Many problems in science or engineering can be reduced to constrained optimization problems. Such
problems are increasingly at stake, especially with the exponential rise of deep learning, having appli-
cations in countless elds ranging from medicine to automotive production. The objective is typically
to minimize a loss function that is di cult to express or study analytically. In the context of machine
learning in general we can only observe noisy values of our objective function and its gradient, thus we
use stochastic gradient descent algorithms (SGD).

Although these algorithms have proven to be e cient theoretically and also in practice, the handling
of massive data and the size of the neural networks used make the optimization process slow and require a
very long computation time. Work has therefore been done to exploit the computational power of today’s
machines in order to accelerate the speed of computation, in particular by distributing the computations
on di erent processors. An immediate di culty to do this comes from the fact that SGD algorithms
are by nature sequential: the result at step t 1 is used at step t. Distributing the computation might
therefore give a result that would be less good in terms of convergence of the objective function to its
minimum after using the same number of observations. However, the distribution of the computation is
still e cient because the execution time is faster, and thus we reach small values of our objective function
F in a shorter computation time. The distribution of the optimization process is even more relevant in
other contexts such as federated learning, where each worker has its own private data set that cannot
be shared. We are not interested in this case, and we place ourselves in the setting of a machine with
several processors, and the objective is to improve the execution time of the algorithm necessary to reach
a certain value F? + " of the objective function.

We are also interested in the often neglected aspect of the reproducibility: we want two independent
runs of the algorithm on the same training set and with the same initial conditions to give the
same result (the execution time may vary from a run to another). In the majority of articles in
the literature that focus on distributed SGD, reproducibility is not taken into account. However,
this has become an important issue in recent years especially after the reproducibility crisis revealed
by a statistic published in Nature 2016, which showed that a large part of the results presented in
machine learning papers were not reproducible. Having reproducible experiments allows to prove
the correctness of the adopted approach, and con rms that the results are not the result of a lucky
chance. Otherwise, one could deduce that a certain con guration of parameters or a new method is
more e cient when it is not the case, especially when conducting costly experiments that cannot be
made enough times to have a good estimate of the average result. Moreover, from a code produc-
tion point of view, it is also necessary to be able to detect eventual problems in the code and correct them.

We place ourselves in the case of very high dimensional data, that requires an important time to be
loaded from the hard disk of the computer to its Random Access Memory (RAM). This will reduce the
e ciency of PR-SGD, and our objective will be to design adaptations that overcome this di culty in
that particular case.

2 Related Work

In the context of stochastic gradient descent, we want to minimize a di erentiable stochastic objective

and we use them instead of the real gradient of F for updating the parameters vector with a learning
rate . The convergence and the performance of SGD have been widely studied and tested with di erent
classes of objective functions. There have also been adaptations and improvements of SGD, leading to
many more powerful optimization algorithms such as ADAM [2].

A possible way to improve SGD is to try to speed up the algorithm by parallelizing the computation.
Indeed, in the context of machine learning, we have a table of observations used to compute the stochastic
gradients, we can imagine having several processors reading the simultaneously di erent lines from the
table in order to reduce the computation time. A rst idea would be to make a gradient descent by mini-
batches as proposed in [3], but a better strategy is to have each processor doing a local gradient descent



and to synchronize the obtained parameters regularly after a few iterations, this gives a better convergence
than the mini-batch approach as proved in [4] and [5]. Several papers were interested in the theoretical
and experimental study of this algorithm and its variants like [6] and [7]. One concern is the waiting
times: when a processor is faster than the others or when the execution times are random, we have idles
appearing, that is to say that the processors having nished their tasks rst must wait for the last ones to

nish too before synchronizing and continuing their calculations. The Hogwild algorithm introduced in
[8] gives a lock free solution, and it is one of the most popular distributed gradient descent algorithms. In
our case, we are interested as explained in the introduction in the aspect of reproducibility, and Hogwild
is not reproducible by construction because the synchronization moment is independent from the number
of iterations done by each processor, the randomness in the outcome of the algorithm comes therefore
from the randomness of the execution times of the processor: the time needed for a same processor to
execute a task is never deterministic. The Parallel Restarted Stochastic Gradient Descent (PR-SGD)
[1], on the other hand, is reproducible and it is the algorithm we will focus on. Further explanations on
PR-SGD are given in Section 5.

3 Formal Problem

3.1 Setting

The optimization problem In the classical setting of stochastic gradient descent (SGD), we want to
optimize a noisy objective function F. If we assume that the noise is caused only by the observed data,
then the problem can be written as follows: we have a function f : X RY @ R di erentiable with respect

are iid and follow a probability law . Ateachstepl n N we observe F, := f(an; ), and we want
to nd the vector ? minimizing

F: 2RY 1 E, [f(a )] =E[Fn()l:

we wish to perform a parallel stochastic gradient descent (PSGD). We impose however one constraint on
our PSGD algorithm: that is to be reproducible (see Section 3.2).
We can assume having in nite observations by de ning an := awm moa Ny for - N.

Assumptions on the Objective Function The functions encountered in the optimization of neural
network parameters are not convex in general functions and they present very few regularity properties.
However, in order to give theoretical guarantees of the optimization algorithms, it is necessary to make
some assumptions on the functions f and F. In addition to di erentiability, we will assume that

e F is L-smooth:
krF() rF(%% Lk % 8;'2RY% (A1)

« there exists a constants ;G > 0 such that for any 2 RY
Ea [kr f(a; ) rF()k3] % (A2)
Ea [kr f(a; )k’] GZ (A3)

These assumptions are the same as in [1]. The rst one ensures that the gradient cannot change too
quickly, thus the value of the gradient is in a sense informative of the region where it is and not only the
point , and with a su ciently small step size we are sure to move in a good direction.

The second assumption is essential for the parallel setting. Without going much into details, the idea
later will be to have a local parameter vector ' for each worker w;, and a central vector that is
their average. Having a bounded variance guarantees that the averaged parameter vector has a smaller
variance compared to a normal gradient descent: it would be divided by the number of workers k, and
this enhances the convergence of the parallel algorithm.



The data We place ourselves in the case of very high dimensional data, and contrary to the federated
learning setting, all the workers have access to the whole data set. This might seem to simplify the
problem, but in fact it makes the access to the data more time consuming. In fact, due to the very high
dimension of the observations space X, we cannot read all the dataset at once: it is too large to be loaded
on the Random Access Memory (RAM) of the computer. Moreover, the dataset can only be accessed via
the rst observation, and it can only be read linearly, i.e reading an observation a,, requires passing over

To respect the limied memory constraint, each worker is only allowed to load P lines into the memory
at once: when a worker reaches the observation ap, it frees its dedicated memory and loads the next P

The workers Each worker w; has a local parameters vector ' and a head h' positioned on some
observation api. Initially, the heads of all the workers are pointing to the rst observation: h' =1 .

The workers are controlled by a core script, from which we can command them to execute the following
elementary requests:

= NextObs(w;): moves the head of the worker to the next observation (h'  h' + 1). If the worker
reaches the end of a page, it loads the next one in order to do this action.

= SgdStep(w;; ): performs one step of the stochastic gradient descent using the parameters vector
' and the observation api: ' ! rFn(").

» SetParameters(w;; ): sets the worker’s parameters vector to : ' Copy( )
» GetParameters(w;): returns the parameter’s vector of the worker .

We also assume that the workers have the same processing speed. However, the time needed for executing
a task is never deterministic. having identical workers means that the time needed by each of them to
execute a same task follows the same probability distribution.

3.2 Reproducible Algorithms

We explained in the introduction the importance of having reproducible algorithms. We give here a
formal de nition of reproducibility.

De nition 1. Consider an algorithm A that takes an input X, executes set of actions

reproducible if Y depends only on X.

The pseudo-randomness due to generating random values during the algorithm can easily be con-
trolled, but the randomness we cannot control is the one due to the execution time. This can be encoun-
tered in many parallel algorithms as Hoglwild [8].

Example 2. A simpler example would be having several processors, each executing a di erent task re-
turning some numerical value, and let us say that the output of the algorithm is the value returned by
the rst processor to nish its calculation. The output of this algorithm is not reproducible because of the
randomness of the execution times of the processors.

3.3 Benchmarks and Performance Indicators

The speed on an algorithm is usually measured by an asymptotic big-O estimate of the number of its
elementary operations, but we will aim in the following for precise non-asymptotic estimates. In order
to evaluate the performance of a distributed SGD algorithm, we will compare its runtime and the loss it
obtains to those of the non-distributed SGD to measure how much we gain from using several workers.



Convergence Criterion Since we are interested in non-convex functions, it is very di cult to have
convergence rates for the value of the objective function. Following the convention used in [1], we will
measure the convergence by estimating the quantity krF ( )k?. Having small gradients means that we
are close to a local minimum or maximum of F, and with an algorithm that is not very bad we would
hopefully be close to a local minimum.

Note that in the case of -strongly convex functions, this gives a control on the value of the function or
the distance to the optimum ? of F thanks to the inequality

Ek k2 F() F(D Zikrlz()k2 8 2RY

Performance Evaluation To compare the execution time of two algorithms, they must have
comparable stopping criteria. In our case we compare the time they need to process a same number of
observations N. The ideal with k workers would be to have an execution time divided by k compared
to SGD, but of course this cannot be reached because there are communication and synchronization
costs. As for the loss, stopping after processing N observations means that with more workers, each one
will do less local SGD steps leading to a slower convergence. On the other hand, averaging their results
might play a corrective role and improve the convergence. It is therefore hard to predict the e ect of
using multiple workers on the nal loss value.

In the remainder, for any algorithm A reading the observations table and aiming at minimizing F,
we will note T (A; N) the time it needs for processing N observations.

De nition 3 (Execution Time Ratio). Consider a distributed SGD algorithm A with k workers. We
then de ne the execution time ratio of A by

. T (SGD; N)
TR(A) ;= lim —_ <
(A) NT+1 k T(A;N)
The value 1 cannot be reached because A cannot be k times faster than SGD due to the additional
communication time when using multiple workers instead of just one.

We take the limit when N ¥ 1 because we do not want to take into account the eventual constant
time at the beginning of any algorithm for initializing the workers or do other tasks that are not described
in the pseudo-code.

This indicator only concerns the execution time, but we must not neglect the loss. We need to nd a
good compromise between the time we gain and the quality of the nal result. The real indicator to
maximize is therefore the ""-performance” in the de nition below.

De nition 4 ("-performance). Consider a distributed algorithm A minimizing F using k workers, that
computes a sequence of parameter vectors 1; »;:::, processing B observations to compute each new .
We de ne the number of iterations necessary for A to reach a certain level " of krFk?:

T-(A) :=minft 2N: krF( 9k* "g;
and we de ne the execution time necessary for that
T+(A) =T (A;BT-(A)):

Note that BT-(A) is simply the number of observations processed after T--(A) observations. T- is eventu-
ally +1 if the aimed loss level "' is never reached. We then de ne the ""-performance™ of A by
_ T-(SGD)
k T-(A)
The ideal would be to have a performance value close to 1.

P-(A):

The de nitions above hold when considering that the execution time is deterministic, but this is never
the case. We should thus write them as ratios of expectations:

= qim EIT(SGDN)]
TRA= WM Ceramal

. E[T-(SGD)].

P(A) = e



Estimating the Runtime To give estimations of the execution times of our Algorithms, we need to
make some assumptions: let us x I 2 N , we assume that

< the time needed by a worker to achieve I times SgdStep is an independent uniform random variable
in[ y; (Jwhere > >0,

< the synchronization time between the core and the workers is of the form k with >0,

< no time is needed for the executing the operation NextObs when the worker stays on the same page
(it is negligible compared to the other time constants),

< loading a new page of observations into the memory requires a time > 0.

In all the following, we will write simply ; instead of |; | as long as there is no confusion on the
value of I.

Runtime and Convergence Rate of SGD

Proposition 5. With the notations above, the expected runtime of SGD implemented with the actions
described in Section 3.1 is
+
E[T D;N)]J= ——+— N:
[T(SGDIN) = ——+ 5

Proof. The SGD can be implemented by repeating the actions SgdStep(wz; ) then NextObs(w;) using
the same worker N times. All the runs of NextObs(w;) during the N steps will take a time N=P,
because N=P pages are loaded.

observations agy+1;:::;a¢+1y1. We have
25% ° Dod
N N + N
E[T(SGD;N)]=E4 (+—5= E[{J+— = ——N+ —:
=1 P =1 P 21 P

O

We give also the convergence rate of SGD. We will not prove it here because later in Theorem 9 we
demonstrate a more general result.

Theorem 6. If F satis es the assumptions Al and A2, then for any T k, with = b=, we have
that the sequence of R9 de nedby g2R%and = ¢ 1 rF:( ¢ 1) fort 1 veri es
1 X 5 ) o 1
7 EkrFCe kT (2L(FC) FON+ )l%i
t=1

4 Skip-Take Requests

As mentioned in the previous section, the workers’ heads are initially positioned on the rst observation,
and they can move through the observation table only linearly: When the head is placed on an observation,
the worker can choose to process it and thus perform a gradient descent or just ignore it and move on
to the next one. This must be done in coordination with the other workers so that each observation is
processed exactly once.

To avoid communication after each observation, we will send to workers requests in the form of integer
pairs (Skip,Take). The worker will therefore ignore the rst "Skip" observations (counting from the one
on which its head is placed) and then perform stochastic gradient descents using the following "Take"
observations. This functioning is explained in Algorithm 1.



Algorithm 1: stRequest(w;j; ;S;I; ) Skip-Take Request
Input : Worker wj, a parameters vector , non-negative integers (S; 1) and a learning rate
Output: The local parameters’ vector ' of wj is set to the result of gradient descent using the
initial parameters and the observations assigned by (S; 1)
I copy of ;
for “=1;:::;S do
| NextObs(w;);

1

2

3

4 end for

5 for “=1;:::;1 do
6 | SgdStep(wi; );
7 NextObs(w;j);
8 end for

We now need to choose the values of (S'; I') for each w; so as to scan the entire table of observations
without overlaps between workers. A naive way to do this is to take for example

81 i k: S'=(G 1) T=k; ' =T=k:

this choice is far from being from e cient because the workers who must skip until the last observations
will have to load all the pages of data they come through even though they will not process them.

In the general case, |' are much smaller than T=k and may be di erent from each other or even change from
a request to another. The values (S")1 i « should be modi ed accordingly to cover all the observations.

S1=0| It | I2 | I3 | I4 |
\ J

S3=I1+12

Y
Sea=T1+12+13

Proposition 7. If we denote (S};1}) the request submitted to the worker w; at step t, then all the
observations are processed exactly one time if the skip values verify

e foralll i Kk, >
St= I
i<i
e foralll i kandforallt 2
<X . X
S{= ]+ Fa
j<i i=i

P .
Proof. Foreachn 1, let := =11 =<=1 I,. At step t, we process all the observations a, such that

t
u
£<n t+1. More precisely, each worker w; will process the observations such that

t+ H<n o+ (@)
i=1 i=1



. P. ]
and its head h' will be positioned by the end of the step on the observation ¢+ ;—1 I} +1 Fort=1,
this is clearly trueas ; =0. Fort 2 and fora ﬁprker wj, assuming that the result istrueup tot 1,

we have at the beginning of the steph' = 1+ | 1I 1 + 1. After skipping S} observations we have
h'=Cta+ KR +D+Si= ca+ K+ R+, +1
i=1 i=1 i<i =i
x . >
= 1+ NH,+ NH+1
j=1 j<i
= + H+1
j<i

w; will after that process I} observations, |r_e,the ones having an index n satisfying Inequality 1, and we
will have by the end of the step hl = + M+ O

To update all the variables (S'); ; « as de ned in Proposition 7 we need O(k?) time, but we can do
it in just a O(k) time by observing that for any n 2 we have the following induction formula

i=2
sl=sit+1lt 1l [forall2 i k:

Remark 8. When we will present the pseudo-code of distributed SGD algorithms that use the the function
stRequest(), we will not explicitly give the "skip™ size S, we will always choose it as in Proposition 7.

5 First Solutions

The most immediate distributed SGD algorithm we can think of is a batch SGD [3] with the batch
being of size k. As explained in Section 2, adopting gradient descents with synchronization [5] is more
e cient. We present therefore the Parallel Restarted SGD algorithm (PR-SGD) studied in [1], described
in Algorithm 2.

Algorithm 2: PR-SGD( ¢;T;I; ): Parallel Restarted SGD

Input : Initial parameters vector g, a positive integer T, a learning rate and a
synchronization interval |

Output: a parameters vector
1 fort=1, ..., T do
2 for [Parallel] i=1;:::;kdo
3 | stRequest(wi; ¢ 1; I, ); // see Algorithm 1
4 end for
5

Wait fo[:)all the workers to nish executing their requests;

i
6 t Eulta

7 end for
s return T

The synchronization interval I, or what we will also call the "take size" is the number of iterations of
local SGD each worker does before averaging their parameters. The choice of 1 will be discussed later in
Section 8.2, but let us note that it must be chosen very carefully because a small take size will slow down
the execution, and choosing a big take size will give a bad convergence because the di erent workers
might converge to di erent local minima, and averaging the obtained parameters then makes no sense as
we illustrate in Figure 2.

10



Figure 2: PR-SGD with k = 3, run examples in the cases of small and big |

It is proved in [1] that if F satis es Assumptions Al, A2 and A3, then for learning rate and a
synchronization interval 1 well chosen we have

1 X 5 1
= EKrF(: )k O p—
T KIT

This bound indicates that we gain a linear speed up when using k threads. In fact, over T steps,
Algorithm 2 processes N := kIT observations. The bound obtained is therefore proportional to 1=" N,
which is the same theoretical bound we have for the non-distributed SGD. This means that using
the same number of observations we get the same convergence rate for SGD and PR-SGD. Of course
PR-SGD has the advantage of being much faster than SGD.

The main issue with Algorithm 2 is that before every synchronization, the workers must wait for each
other to nish their requests, a part of their computational capacity will be therefore wasted.

If the workers have di erent speeds, then this can be solved by assigning to them tasks with di erent
sizes as explained in [1]. In fact, if each worker w; has a computation speed vj, then we simply need to
assign tasks of I such that all the values v; I; are equal.

In the case of the workers being processors of a same machine, they will always have the same
computation capabilities, but as each processors will run some operations other than the ones in the
algorithm (related to the operating system, memory cleaning, ...) we will have random execution times,
and the idles cannot be eliminated by changing the tasks’ sizes.

W1 =—p
W2 ep
W3 ——p
W4 ——p

Figure 3: Idles in the case of 4 workers

We show in Figure 3 an example of such a situation: each row presents the activity of a worker over
the time: white rectangles indicate that the worker is running a task, black ones that it is waiting, and
the red ones indicate the time spent for synchronization.

5.1 Convergence Analysis in the case | =1

We assume in this section that I = 1. We will redo here the convergence proof established in [1], but
with lighter calculations because we are in a simpler setting. In fact, the authors of [1] treat the case
of any positive integer I, and they suppose moreover that each worker w; observes data according to a

11



certain law ; that can be di erent, and tries fg minimize a function gj, and they study the convergence
of Algorithm 2 towards a minimum of g := 1 i1 Oi-

The reason we reproduce this proof is that we need to use the same proof scheme later for other
derivated algorithms, and we will want to compare the di erences between the proofs and the bounds
we obtain.

We denote Fi:t := Ft 1yk+i the noisy realization of F observed by worker i at step t foreacht 1
and i 2Ftl """ kg With | =1, we have foranyt 1that {= ¢ 1 rFi+«( ¢ 1)foralll i kand

t=1% 1k +andthus

K
tT o1 rFit( ¢ 1) @3]
i=1

Theorem’;) If F is adi erentiable function satisfying the assumptions Al and A2, then forany T Kk,
with = # the sequence of RY de ned by 2 RY and Equation 2 veri es

X R 1
=  EKrF(c¢ K1 @LF(o) F(N+ 2)%1

t=1

Proof. lett 2 f1;:::;Tg, using the L-smoothness of F and the linearity of the expectation we have

EF(J] EF(e )] EPrF(Cea); ¢ ¢ 1i]+%E[k R EL" (©)

we will now prove upper bounds on the two terms in the right, that will make E[krF ( ¢ 1)k?] appear.
By Equation 2 we have

X
EhrF( ¢ 1), ¢+ ¢ 1] = K EhrF( ¢ 1), rFie( ¢ 0I];
i=1

but since the observations are independent and 1 only depends on the observations a,, with m
(t DKl (Fiju=Fu yki+i =F@u pki+ii)), we have forany 1 ik
ElhrF( ¢ 1);rFix( ¢« DI=E[ENrF(¢ 1);rFie( e )i ] ¢ all

=EhrF( ¢ 1);ElrFic( e 1) ¢« li]

=EhrF(¢ 1);rF( ¢ 1)i]

= EkrF( ¢ 1)k
thus

ErF(c 1) ¢ ¢ 1il=  EKrF(¢ 1)K 4
On the other hand, using again Equation 2:

2 2, L X 2
=g t 1K) = E[kE rFio( ¢ 1)k7]
i=1

5 1 X 5
E[E[kE rFit( ¢ DK°J ¢ 1]l
i=1

2 1 X 2 2
E[E[kE rFix( ¢ 1) VrF(c¢ DK°j ¢ JJ+EEKrF(¢ DK ¢ 1]
i=1

X
Bk PPl rF( )R]+ ZERCF( KT
i=1

12



The third equality is true because of Lemma 30 applied with the conditional expectation E[ j ¢ 1].
The variables (rFi-+( ¢+ 1))1 i « are independent conditionally to : 1 and their respective expectations
knowing ¢ 1 are rFi.¢( ¢ 1), we can therefore use Lemma 31 and write

1 X 2 1 X 2 :
Bk vFi( e 1) vFRCe DK ) ca=q5  EKrFi(e) rRCe Dk ool
i=1 i=1

Taking the expectation on this inequality and using Assumption A2 we deduce that
2 2
Ek ¢ o1kl ——+ PEKrF( ¢ )k’ (5)

P—
Finally, with the inequalities 3, 4 and 5 and observing that = ﬁd% 1=L (because T k), we have

2 2 2
EF( ] EF(e 0] EKIF(e DK+ — =+ —CEKIF( ¢ K]
2 2L 2L
= SEKPF( DR+ o+ (o 5) EKIF( )R

2k |-242—2}
= L=2( 1=L) 0

5 2 2L
EE[krF( t DK+ K :
Summing over t = 1;:::; T and dividing by T gives
LECY F() EEF(D] F(o) o ErF(r i)+ ot
T o T T 0 2T _, vl 2k

rearranging the terms we obtain

2
k

1 X 5 2 ’
T EkrF( + 1)k7] - (FCo) F( N+
t=1

S=EUF(D) RO+ Hp

5.2 Estimating the Execution Time

Let T := N=(kl) the number of steps necessary for Algorithm 2 to process N observations. Its execution
time can be written as

X
T (PR-SGD;N) = 1m_axkf itg+ kK + 1; (6)
1
t=1
where .+ U[ 1; 1] is the time spent by w; at step t for running | times SgdStep. We also have k

in the sum because we need to synchronize the results at each step. Finally, 1 is the delay generated
because of loading the pages of data.

Lemma 10. If 2kl <P and > 2( ) then < is of the form

kIT

T=0A+" &

where " is a random variable taking values almost surely in [0; 1].

Proof. The condition 2kl < P only means that the number of observations 2kl processed during two
steps is smaller than the number of observations per page P. We will show in the following that charging
a page by all the workers is done at most on two steps, the previous condition simply guarantees that we
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will not have di erent pages charging during the same step.

“:=mP +1: a- is the rst observation on the page m. Using the proof of Proposition 7, we have that
a- is processed by the worker w; at step t such that

(@t Dk+F )HI< ((t Dk+j;

because in the case of all the workers having the same task size I, the quantity  in Proposition 7
becomes simply (= ((t 1k+(( 1))I. Concretely,t 1andj 1 are respectively the quotient and
the rest of the division of [“=1] by k.
We also have by the proof of Proposition 7 that at step t 1, all the workers were processing observations
an such that n ¢ < “, therefore all workers w; such that j > i skipped a- during step t because they
process observations coming after it (n > ¢+ (i 1)l t+J1  “), which means that they loaded
the page m on their cache memory during step t. Whereas the workers w; having i < j are processing
during step t observations a, with n < *, which means that they are still in the previous page, but at
step t + 1 they will be processing observations a, withn > .1 = +kl *, thus they will load the
page m during step t + 1.
If all the workers load the page m during the step t, then a time is added to their execution times at
step t:

xF e = e F g+

Otherwise, it is loaded by the j st workers at step t and by the others at step t + 1, the total execution
time at step t is thus
t=max maxf + .0; max T j.g
1i ] j<i k
= maxf + 0

10 ]

+ max T g

10 ]

max f g+ + maxf ;. max T ;. ;
Jnax i;td fmax i;td max i;td
the second equality is true because for any iq; i, such that iy  j < i, we have

+ it 2( )+ = +( ) izt

in the same way we nd
t+1 = Maxf je1g+ + maxf g maxf g
11 k Jj<i k 11 k

thus we have
t+ o1 = 1miaxkf itg + 1m;ﬁtxkf it+10+ (1 + m)

with
m = 1y (maxfixg maxfixg)+(maxficag maxfieng) 2[01];
—{z }oI: {z }
2[ ( )01 [ =2;0]as: 2[ ( ;0] [ =2;0]as:

the inclusion [ ( );0] [ =2;0] is because of the condition > 2( ). Finally, the delay
generated when loading the page m is either if all the workers load the page at the same step, either
1+ ) with 4 2]0;1] otherwise. In both cases, we can write it as (1+") with "y, 2 [0; 1] and the
total delay due to charging the pages is therefore

b2 ¢ 1 X
T= Q+"m) = 1+m "m M=0Q+") M;
m=1 m=1
F)
with " := ﬁ :\n/'zl "m a random variable taking values in [0; 1] with probability 1. O
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With the previous lemma, we can estimate the expectation of T (PR-SGD;T).
Proposition 11. The expected runtime of Algorithm 2 is given by

+ k
k+1

E[T (PR-SGD;N)] = 4+ k+(1+E["])# T

with E["] 2 [0;1] and T = N=(kl).

Proof. Using Equation 6 and Lemma 10 we have

X
E[T (PR-SGD;N)] = E 1m_axkf itg + k +(1+ E["])#T
1
t=1
kl
= E maxfiig + K T+@QA+E"D—T:
1i k 7 P
the second equality is true because the variables . withl i kandl t T arei.i.d.
With Lemma 32, since the variables -“*— Lk follow a uniform distribution in [0; 1], we obtain
1
_ il _ k — +K .
B omaxfag = +C JE max = Y0 T e
which concludes the proof. O

Remark 12. The term % can be seen as the time needed for loading the fraction of the page that is

processed during a step t 2 f1;:::;Tg: =P is the time for loading one observation into the memory and
kl is the number of observations used during a single iteration of the algorithm.

Let us now give an estimation of the execution time ratio (De nition 3) of PR-SGD.
Proposition 13. The execution time ratio of Algorithm 2 is given by

1 1 2
TR(PR-SGD) I R K+ 1

+ K+ (@+EPDK Dp

Remark 14. The execution time ratio is smaller than 1 as claimed in Section 3.3, and Proposition 13
shows why for Algorithm 2:
e - 1 & . this term corresponds to the delay generated by the idles, and it is due to reasons:
having & and also having k 2, if we only use one worker then we will not have idles anymore,
and this term will be null,

e ((A+E["IDk 1) I1=P: the additional time cost we have for charging the pages: the operation of
charging a page cannot be distributed, this is why it is linear in k, thus it is very costly,

e k: the cost of communication between the workers and synchronization. This cost is also propor-
tional to k between it is an operation we do not do in the case of non-distributed SGD.

Proof. From Propositions 5 and 11 we have

E[T (SGD; N)] = %J“FI ?;
I N
E[T (PR-SGD: N)] = Tt KHAHEMD S
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we deduce that

1 L= jim KEIT(PR-SGD:N)] E[T (SGD;N)]
TR(PR-SGD) NTL E[T (SGD; N)]
= 1! + k+Q+EM)— ——
S K+1 P 2 P
= ! 1 2 + k+ (A +E["]Dk 1)—I
—+ FI 2 k+1 =)

6 Pipelining: Almost Eliminating the Idles

Algorithm 2 performs well in terms of the value of the objective function found at the end. However, to
eliminate the waiting times, we must keep the workers busy after nishing their tasks. We can therefore
think of assigning to each worker a pipeline with tasks to be performed one after the other without waiting
for the others to nish theirs. The di culty in implementing this idea is to respect the reproducibility
constraint when averaging the parameters.

In this section, we de ne for any i 2 f1;:::;kg and t 0 the function F;i.; as the zero function on
RY ¥ R. This convention will avoid us treating unnecessary particular cases.
We also assume that | = 1, i.e at each step the workers do each a single SGD iteration then we average
their parameters before moving to the next step. In the end of the section we will explain how the
presented approach can be generalized to 1 1.

6.1 Parallel Descent and Synchronization

It is necessary that the workers who nish their tasks rst start working on new tasks that do not impact
the synchronization. This can be done by using delayed gradients. As shown in the Figure 4, if at step
t we do not use the vectors computed at step t 1 but those computed at step t 2 or even before, we
can allow the workers who nished rst to start the next processing, and when the last one nishes we
can synchronize the results and so on. This approach might considerably reduce the idles, but it will not
completely eliminate them as we will see later in 6.3.

s — | | | |
w2 — | |
ws — | |
wa — | | | |

O O O o

Figure 4. Workers’ activity when pipelining. Each line shows the activity of a worker: white and gray
rectangles correspond each to the processing of one stRequest(). The rectangles of a same step have the
same color. Vertical red lines indicate synchronization moments, the disks below them are of the same
color of the step just nished.

To schematize, the operations done in Algorithm 2 are successions of two blocks (in the case | = 1), a
gradient descent block that we will denote Dsce, that takes as argument the parameters vector ¢ ; and

these gradient, updates the vector = ¢ 1 =k ;i « FFi;x( ¢ 1) and then passes it to the next
descent block Dsce+1. This functioning is shown in Figure 5.

What we want is to allow the next Dsc block to start before the synchronization is done, i.e we want
Dsct+1 and Sync; to be independent of each other. That will allow running them simultaneously as in
Figure 6: 1 is given as input for Dscy, and the workers who nish computing their assigned gradient can
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— Dscl Dsc2 Dsc3

Figure 5: Succession of blocks de ning Algorithm 2

take ¢ as new input and start computing the next gradient using the next observations, corresponding
to Dsc,. When all the workers nish processing the rst observations, i.e end of Dsc;, we compute the
average of the gradients and the new vector ; (Sync,) that is given as input for Dscs, etc

7 7 7
Dscl Dsc3 Dsc4 Dsc5

/ /\‘\‘/.\

Figure 6: The blocks chaining we want to have. The hatched areas indicate possible overlaps between
two successive Dsc blocks (as in Figure 4).

Dsc2

N
x\\\\\
\\\

\\\

This scheme is mathematically translated by: 1; o 2 R% and foreacht 1

i H .
= rF (t2 81 i Kk;
t _ Fg il t )
t Tk i=1 t
with the convention Fix =0fort 0.
The problem is that this implementation gives two independent gradient descents, one for even integers
t and one for odd ones, and by the end of the algorithm averaging the two obtained vectors would not

make sense. The nal result is then no better than doing a stochastic gradient descent using only half
the available data.

To force dependency between these two gradient descents, we use at step t the gradients from both
stepst 2andt 3:

t = B, rFic(e2) rFica(es) 81 0 Kk
1

—1 .
t Tk i=1 t

(M
The logic of the implementation will therefore be as in Figure 7. We call this algorithm PR-SGD-PIP.

/% Dsc3 Vé/ Dsc4 7 .

Dscl Dsc2 Dsc5

\\\

x\\\\
&\\

VFi1(04 VF2(60) VF3(61)

Figure 7: Implementation of Equation 7
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6.2 Convergence Analysis

In the following, we will explain why the sequence ( )¢ de ned by Equation 7 is a satisfying solution to
our problem. We show in Lemma 15 that ( )¢ satis es a simple induction formula between ¢ ; and ¢,
and then we will prove its convergence.

Lemma 15. If 1= g and ¢ isde ned as in Equation 7 for any t 1 then we have

t= t 1 K rFic( ¢ 2)
i=1

with the convention Fj.u =0foralll i kandt O.

Proof. We can prove this by induction for t 0 considering that we have a vector , 2 RY.
For t =0, it is true because o= j; and Fj,o =0. Lett 1, and assume that the Lemma’s statement
is true fort 1. We have

=1 (e FRa(e) PR

= t2 T rFit 1( ¢ 3) = rFit( ¢ 2)
i=1 i=1

X

=t K. rFic( ¢ 2):
i=1

The two rst inequalities are true by de nition of ( 1);; ¢, the last one is by the induction hypothesis.
This concludes the proof. O

This Lemma shows that, from a theoretical point of view, PR-SGD-PIP is equivalent to PR-SGD
using delayed gradients. In the case of one processor k = 1, the equation in Lemma 15 becomes

t= t 1 rFe( ¢ 2):

The algorithm de ned by this induction is known as SGD with delayed updates, and it has been studied
in the general case of a delay h 1 in [9], [10] and [11]. The distributed version also have been analyzed
in [12] and [13]. Note that for such algorithms the smoothness of the objective function is a crucial
assumption because we need to guarantee that the delayed gradient rF¢( ¢ 2) is not far from the actual
gradient rF¢( ¢ 1), which will guarantee that the descent is almost done in the right direction.

Theorem 16. If ijs a di erentiable function satisfying the assumptions A1, A3 and A2, then for any
T k8, with = ?d% we have that the sequence de ned by o 2 RY and Equation 7 veri es

1X 2 ? 2 2 1 .
T EKrF(c K] QUF(o) F(M)+22+G)p <
t=1

Using a delayed gradient slows down the convergence by only an additional term ( 2 + Gz)pt:T, the
quality of the convergence is therefore almost the same.
The proof of this Theorem uses the same main arguments as the proof of Theorem 9 (and of Theorem 1
in [1]), but it needs to be adapted because we use delayed gradients.

EF(O] EIFCe 0] EMFFCe ) o cail+ 0Bk o 1K) ®)
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Using Lemma 15, we upper bound the term E[k « ¢ 1k?] as in Theorem 9: we use the law of total

expectations to write E[] = E[E[ j ¢ 2]] and then we use Lemmas 30 then 31
2 2 1 X 2
Elk ¢ 1+ 1k]= E[kE rFic( ¢ 2)k7]
i=1

2 1 X 2 ;
= CE[Ek;  rFi( e 2K ¢ 2]l
i=1

#

#

1 X . .
= %E E[kE rFic( ¢ 2) TF(t 2)k?j ¢ 2l +EKrF(¢ K] ¢ 2]
i=1
e 1 X 2. 2
= “E 2 EkrFit( ¢ 2) rF(t 2)k®) ¢ 2] FEKrF( ¢ 2)k“] ¢ 2]
i=1
2 K

@ fRrFaCe 2)) FR(e 2K+ PERIR( e 2K
i=1

2 by A2

thus we obtain -
EK ¢ ¢ 1K T+ 2E[KrF (¢ 2)k%:

By independence between ( ¢ 1; + 2) and the observations a,, for m > (t 1)kl we have

X

EhrF( ¢ 1), ¢+t 1i]= K EhrF( ¢ 1), rFie( ¢ 2)i]
1

K ElhrF( ¢ 1) EIrFie( ¢ 2)J ¢ 15 ¢ 2]i]
i=1

X

K EhrF( ¢ 1) rF( ¢ 2)i]
i=1
EhrF( ¢ 1), rF( ¢ 2)i]

)

EE[krF( t 1)K] EE[krF( t 2)k2]+§E[krF( t 1) FF(¢ 2K

The last equality yields from the identity hx;yi = 2(kxk?+kyk? kx yk?). The last term in the equation
above can be upper bounded using the L-smoothness and Inequality 9, in fact, if we apply Inequality 9

tot 1 instead of t and using Assumption A3 (bounded second moment) we get

EKrF( ¢ 1) rF(¢ 2kl L%EK¢ 1 ¢ 2K
2 2|_2
— + 2L2E[krF (¢ 3)k?]
2L2( 2:k+GZ)
2L2( 2+G2);

Which leads to the upper bound

31 2
EhrF( e 1), ¢ ¢ 1] EE[krF( ¢ DK E|5[|<r|:( . 2)k2]+TL( 24 G2,

pP—
Finally, substituting 9 and 10 into 8, and with the inequality = ?d% < % we have
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EF(0] EFCe ] SEKrF(: DK’] SEkrF (¢ K]+ ZL%( 2+ G?)

2 2L 2L
oK + TE[krF( ¢ 2)K]
2 2L

SEkrF (¢ 1)k?] + it 212( 24 G2)
o (P ErF (e 2K
<0

2 2L 3L2
+
2k 2

EE[krF( t 1)k2] =+ ( 2 4 Gz),

2 ZL 3L2
+
2k 2

EkrF( ¢ 1)k?]+
t=1

SF(D F(o) TEF(D F(o) (?+6?)

now we rearrange the terms and replace by its value

1 X 2 2 ? 2L 2y 27 2 2
T EkrF( + 1)k7] *T(F(o) FC)+ T L°( “+G9)
t=1
2L ” 2 ) Kk
= p—=(F F(C))+p=+ +G)=
F’E( (o) FC) P= ( )T
? 2 2 1 .
(2L(F(o) F()+2°+GC )Pﬁ-
the last inequality holds because k® T and thus £ P O

6.3 Higher Pipeline Depth

Algorithm PR-SGD-PIP de ned by Equation 7 reduces the waiting time and we proved in Theorem 16
that it has a good convergence rate. The problem however is that it requires to nish computing ¢ »
before step t starts, but with random execution times it possible that a worker becomes at some point
two steps behind the others, which will again generate idles as shown in Figure 8

e —— Iﬂ;}!g
iy =y |

Figure 8: Workers’ activity when pipelining. Each line shows the activity of a worker: white and gray
rectangles correspond each to the processing of one stRequest(). The rectangles of a same step have the
same color. Vertical red lines indicate synchronization moments, the disks below them are of the same
color of the step just nished.

To solve this problem, we push our solution even deeper by pipelining at a depth h, i.e we allow h
successive steps to overlap. In order to do that, at step t we can use only information available up to step

t h. Inspired by the case h = 2 seen previously, we propose the following algorithm: . =:::= o
andfort 1
( i — h 1 rE. ( )
t B ;Fbk . u=0 it ult h u) (11)
t "k =1t
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Let us estimate the convergence rate of this algorithm. Fist we show an induction formula equivalent
to the one in Lemma 15, showing that Equation 11 is equivalent to having a stochastic gradient descent
with a gradient delayed by h 1 steps.

Lemma 17. Forany t 1 we have

X
t= t1 K rFit( ¢ n)
i=1

with the convention Fj. =0foralll i kandt O.

Proof. To lighten the notations, we de ne g¢ := % szl rFi«( ¢ n) forallt 0. We immediately have
from Equation 11 that

DS

t= th Ot us

u=0
and we want to prove that foranyt 1wehave (= ¢ 1 ge. We will prove the result for t h,
assuming that we have vectors s = ¢ for example for all s <0.
Forany t O0itis trivially true because ¢+ = { 1= pgandg¢=0. Lett 1 and assume that the result
istrue forany s2 f h;:::;t 1g. We have by de nition that

>
t= th Ot u;
u=0
s
t1= tha1 Ot u 1,
u=0
the di erence of the two equations yields
>
t t1= th t h 1 @t u 9t u 1)
u=0

=th th1 (@ 0t n)
=(tn thi+ Ot n) Ot
= Ou
in the last line we used the induction hypothesis fors=t h: ¢ = ¢ nh 1 Ot h. O

Theoil;gm 18. If F is a di erentiable function satisfying the assumptions Al, A3 and A2, then for
= ﬁd% the sequence of RY de ned by o 2 RY and Equation 11 veri es for any T  k®

ijE{krF( COK2LF(0) F(+ 2+ DA(2+GY) P
Proof. Using the same proof as in Theorem 16 we have the upper bound
Ek ¢ 1K) % + 2EkrF (¢ n)K; (12)
from which we have by Assumption A3
Ek ¢ ¢ 1K % + 26 %( 2+G?; (13)

and the identity

EMFF(e 2 ¢ v ail= SEKIF(e KT ERCFCe k3 + SERIF(e 1) rFCe i
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and we have respectively by L-smoothness of F, the triangle inequality, the Cauchy-Schwarz inequality
and Inequality 13 that

EIkrF(¢ 1) rF(¢ nk?] L%EK ¢ 1 ¢ nk3 3
LP)

>t
L?E4 Ktu tuik O

u=1

2(h > k k?
Lth 1) Ek¢u tu 1K]
u=1

2L2(h 1)2( 2+G2);
which gives

3L2

EPFF(e )i o eail= SEKIF(e DK ERIFCe i+ ——( D*(2+G): (14)

Finally, given that < 1=L we deduce as in Theorem 16 that

EF( O] EF(e )] EMFFCc ) o cail+ SEK e ¢ k]

22L 3L2 5, 2 ~
K +T(h D( “+ G);

EE[krF( ¢ 1)K+

after summing, rearranging the terms and replacing by its value we obtain the statement of the theorem.
O

Remark 19. This theorem can be seen as a generalization of Theorems 9 (h = 1) and 16 (h = 2). It
shows that having a pipeline of depth h leads to a convergence rate O((h  1)?) times slower.

6.4 In Practice

The case | > 1 We only treated the case 1 = 1. But this algorithm can be generalized to the
general case as follows: at each step t, each worker executes | steps of SgdStep using the observations
At 1k+( D)I+1s-: 558 Dk+iyl bringing its parameters vector from an initial value to a nal value

Oi-ti1( ). If we denote ¢ @ 2 Rd ¥ Oi-e1( ) , then we can generalize PR-SGD-PIP at depth h to
I las: pe1=:::= o2R%andfort 1

( i |Dh 1
t tl—_lgk u=0r ijt u;I( t h u); (15)

Remark 20. Note that for I =1 we have j.t.1 = rFi:.

Although we do not provide any theoretical guarantees on this generalization, we will give an example
how it behaves at depth h = 2 for 1 > 1 in the experiments section 8.

Limitations Even at a depth h, we may eventually encounter the same problem described in Figure 8
if a worker had some successive slow executions. the bigger h is, the more chances we have not to face
waiting times, but this has on the other hand an important impact on the convergence rate.

The algorithm is also costly in terms of memory: to use PR-SGD-PIP at at a depth h, it is necessary to
keep in memory the last h parameter vectors at each step.
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Execution time Itisdi cult to estimate the execution time of this algorithm, but we can give a simple
lower bound. In order to process N observations, we need to load the N=P pages containing them, hence
we have

E[T (PR-SGD-PIP; N)] ?N;
and thus
. E[T (SGD: N)] ( + )=@)+ =P 1
TR(PR-SGD-PIP) := iM L ET (PR-SGD-PIP: N)] =P K (16)

The execution time ratio is decreasing as 1=k, thus using more than one thread is not pro table. The
previous upper bound also holds for PR-SGD. Unless is small, this bound is very limiting, and we need
to overcome it.

7 Data Loading and Processing Speed

7.1 Observations and Better Understanding

To measure how computationally expensive page loading can be, we tested the PR-SGD and PR-SGD-
PIP algorithms with 3 workers on a large, very high-dimensional dataset, and we visualized the workers’
activities in Figure 9.

" " "' I
" T T Z__
Diiiiiidzsviin, | L
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" Z_ BRI I
i | Ll n l

PR-SGD-PIP

Figure 9: Activity of the workers during time for PR-SGD and PR-SGD-PIP, with k = 3;1 = 100 and
N = 2P (two pages processed). ldles are colored in black, while white and gray rectangles show each
the execution time of a request. The hashed rectangles show preprocessing times spent by the workers
before starting their rst requests.

We notice rst that there is a large preprocessing time at the beginning. This is the time needed to
initialize the vector of parameters, load the rst page of data, ... This preprocessing time seems to be
random and generates important waiting times at the beginning, but this is not a problem since it is
constant and can be ignored when N is su ciently large.

The second interesting remark is that we have some tasks taking a much longer time than the others.
They are those where workers load a new page of data. As explained in the proof of Lemma 10, the delay
generated by the loading of a page is a random variable with values in [ ;2 ] where is the time needed
to a single page by one worker: if all the workers load the page in the same step then we have a delay of
, otherwise they would all load it on two consecutive steps and we have therefore a delay at least equal
to2  2( ). Data loading appears on the gure to be the main cause of the idles.
PR-SGD-PIP behaves as we want and eliminates a part of the idles by allowing the workers to work
on two di erent steps, and clearly accelerates the execution compared to PR-SGD but we still have he
performance limitation shown in Inequality 16.

23



7.2 One Worker Loading Data

The Algorithm To overcome the limitation of page loading, we propose another variant of PR-SGD
that we call PR-SGD-OLD (PR-SGD- One Loading Data), where the workers read data from a common
memory, and only one of them will be in charge of loading the data while the others will process it.

More in detail, initially the worker wy for example loads the rst page, and then when it nishes the

that when the other workers nish processing the rst one, they can directly move on to the the second,
and the memory storing the rst page can be freed for wy to start loading the third page and so on.
Since the operation NextObs does the page loading when necessary, the algorithm can be implemented
simply by guaranteeing a lead of P observations to the worker wy over the others throughout the all
execution.

All this is explained in Algorithm 3, and for a more visual illustration of how it works we refer to
Figure 10. We use in Algorithm 3 an asynchronous function Skip(wj; “) that takes as input a worker w;
and a positive integer © and performs “ times the operation NextObs(w;).

Algorithm 3: PR-SGD-OLD( ¢;T;I; ;P): Parallel Restarted SGD - One Loading Data

Input : Initial parameters vector o, a positive integer T, a learning rate , a synchronization
interval | and the number of observations per page P
Output: a parameters vector T
1 Wy loads the rst page, wait until the loading is nished;
2q O
3 fort=1, ..., T do

4 for [Parallel] i =1;:::;k 1ldo

5 | stRequest(wi; ¢ 1:1; );

6 end for

7 Wait for tlh—§ workers wq;:::; Wy 1 to nish executing their requests;
8| ¢ &1 = b

9

qg gq+(k I [modP];
10 if (k DI g<2(k 1)l then

11 Wait for wy to nish the last Skip request if it is not the case yet;

12 Skip(wg; P); // Do not wait for this operation to nish
13 end if

14 end for

15 return T

The variable g counts the number of observations processed in the current page m. Initially g =0

togq+ (k 1)I. When q becomes larger than P this means that we have switched to the next page, and
q is replaced by g P (the "[mod P]" operation).
The inequality (k  1)I g < 2(k 1)I happens at the rst or second step of the processing of each

erase the page m from the memory and start loading the page m + 2, and this is done by having wy
skip P observations: it goes to the rst observation of the next page and must therefore load it. This
algorithm requires having at least 2(k 1)1 observations per page.

Strenghts and Limitations For our testing example, PR-SGD-OLD compares to PR-SGD and PR-
SGD-PIP as shown in Figure 9.

We can do many interesting observations. First the global initial preprocessing time becomes much
shorter: having a shared memory and having only one worker loading the rst page of data shortcuts
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Figure 10: Activity of the workers during time for PR-SGD, PR-SGD-PIP and PR-SGD-OLD, with
k =4;1 =100 and N = 2P. Idles are colored in black, while white and gray rectangles show each the
execution time of a request. The hashed rectangles show preprocessing times spent by the workers before
starting their rst requests.

many unnecessary operations. Secondly, even though the observations are treated only by 3 workers in
the case of PR-SGD-OLD instead of 4 for PR-SGD, having the pages loading done independently makes
the whole process faster.

PR-SGD-OLD allows indeed to cancel the idles due to the pages loading for the workers wy; :::;wg 1,
but we have consequently an important waiting time for wy.
It is di cult to assign other tasks to wy because we need to respect the reproducibility constraint.
However, we can minimize its waiting time by choosing an optimal number of workers k? such that the
time needed for loading a page is in expectation the same time needed for processing it.
k < k?, wy will lead to wy staying inactive while waiting for the others to nish processing the page, and
k > k? will result in having the time for loading a page being larger than the time for processing it, thus
the workers wq;:::;wk 1 will have to wait for wi to nish the loading before continuing.

Convergence Rate The convergence rate with Algorithm 3 is given by Theorem 9 but replacing k by
k 1. PR-SGD has therefore a slightly better convergence rate but we hope that PR-SGD-OLD will
compensate this with its faster execution time and have a better performance overall .

7.3 Execution Time

Let T = N=((k 1)I) be the number of iterations needed by PR-SGD-OLD to process N observations,
and let M = N=P be the number of pages loaded during these iterations.
Form 2 f1;:::; Mg, we de ne Z,, the time needed for processing the observations of page m by k 1

.....

workers. Zn, is a random variable and its expectation is given by
mP=(le 1I)
E[Zm]=E max fig+ (k 1)
t=(m 1)P=((k 1)I)+1 Pt

P

E , max 1f ing + (k1) & D1
+(k 1) P )
— + (k 1) 70( i
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The last equality is due to Lemma 32.

Note that is only multiplied by k 1 and not by k because we will only need to average the models of
k 1 workers at each synchronization. P

The total runtime of the algorithm is nevertheless not ?n":l Zm because before processing each page,
wy should have nish loading it for m < M:

b1
T (PR-SGD-OLD;N) = maxfZm; g+ Zm:

m=1

The real execution time contains an additional time for loading the rst page, but it is not taken into
account here because it is part of the preprocessing also made by PR-SGD and PR-SGD-PIP. We will
now only study the expectation of this runtime in some particular interesting cases.

Proposition 21. If > P=l then we have

C
KD v k1) T ifk kg

E[T (PR-SGD-OLD; N)] =
e ) k DY ( EZ]) ifk kg

with kg ::l+:iF', and ky ;== 1+ 45—

Proof. The condition > P=I only means that the time needed for loading a page is superior to the
time needed for doing all the synchronizations when processing a page. This inequality is largely veri ed
in practice (and thus not restrictive), and it is used in our proof only for the case k k3, in the case
k ki we only need to have > 0. The proof is immediate: if k k; then

N P P

k 1HMI - (kDI ( + (k 1))m Zm 8 m M

because Z,, is the sum of P=((k 1)I) terms all larger than + (k 1). Therefore we have

<1 b2 ¢
T (PR-SGD-OLD; N) = maxfZm,;, g+2Zm: = Zm:
m=1 m=1
We deduce that E[T (PR-SGD-OLD; N)] = ME[Z;] which we computed in the beginning of the Section.
Given that N = (k  1)IT = MP we immediately have the result.
On the other hand, ifk kp =1+ —F=L_ then similarly

P P P
thus
<1
T (PR-SGD-OLD;N) = maxfZn;, g+Zm:=M 1) +Zy =M ( Zwm):
m=1
and we having the result by taking the expectation. O

Note that in the case k ko we can also write

E[T (PR-SGD-OLD; N)] = g

1 +E[Zi];

which means that for N xed, the runtime only depends on E[Z;] that is a decreasing function of k, and
the execution time is lower bounded by (N=P 1) that is the time for loading the data. Figure 11
gives a visualization of the execution when increasing the number of workers from 1 to 12.
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